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“How can it be that mathematics, being after all a product of human 
thought which is independent of experience, is so admirably appro-
priate to the objects of reality? Is human reason, then, without expe-
rience, merely by taking thought, able to fathom the properties of real 
things?” –Einstein (1922, p. 15) 

 
Recent work in the philosophy of mind has tended to proceed along a highly circum-
scribed path, offering analyses of perceptual experience that make little contact with 
reflection on other aspects of our cognitive lives. There is a widely-held assumption 
that the content of our experience must come from our empirical interactions with 
the world: according to the most common version of this view, the causal relations 
between the external world and our experiences determine what those experiences 
represent. On such a picture, questions about experience are cordoned off from 
consideration of other, more intellectual aspects of our cognitive lives, such as our 
mathematical reasoning. 

But the topology of our minds is not discontinuous. Consider the following 
kind of case. A carpenter, who, in her spare time, enjoys doing elementary mathe-
matical exercises, works through a proof of the Pythagorean theorem. Emerging 
from her study into her workshop, she sees a set of wooden beams, which she 
intends to use in constructing the frame of a right triangular ramp. Having per-
formed the proof, the carpenter will take herself to know the following: if the beams 
serving as the legs of her triangle are three feet long and four feet long, respectively, 
then she will need to cut the beam serving as the hypotenuse to a length of five feet. 

The wooden beams are objects of the carpenter’s perceptual awareness – they 
show up in her experience of the world. But she takes the knowledge she has of right 
triangles from having performed the Pythagorean proof—knowledge that seems to 
be a product of a priori mathematical reasoning, rather than any experiential contact 
with the world—to be directly applicable to those empirical objects. 

As this simple case shows, highly abstract (even, perhaps, a priori) cognitive ac-
tivities have obvious and immediate connections to experience. My working hypoth-
esis is that we can make headway in debates about the nature of perception by 
attending to the fact that sensory experience does not exist in a vacuum. In particu-
lar, I think that a proper understanding of spatial experience requires attention to the 
connections between the practice of Euclidean proof and the ways our experience 
represents the spatial properties of the objects we perceive. 

My goal in this paper is to begin to explore these connections by investigating 
the kind of cognitive activity we engage in when doing Euclidean proof, and the 
kinds of concepts involved in the practice. This is a question of what Strawson once 
called “descriptive metaphysics”: it asks about the nature of a cognitive activity that 
humans in fact perform (and have been performing for millennia), rather than 
seeking to correct or improve on our existing conceptual scheme. 

																																																								
* A version of this paper is forthcoming in The Proceedings of the Aristotelian Society. 
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In addressing a similar question (though with less of a purely descriptive empha-
sis), Einstein once contrasted what he called the “older interpretation” of the axioms 
of Euclidean geometry with his preferred “more modern interpretation.” Taking as 
an example the axiom “Through two points in space there always passes one and 
only one straight line,” Einstein (1922, p. 16) described the “older interpretation” as 
follows: 
 

Everyone knows what a straight line is, and what a point is. Whether 
this knowledge springs from an ability of the human mind or from 
experience, from some collaboration of the two or from some other 
source, is not for the mathematician to decide. He leaves the question 
to the philosopher. 

 
As an answer to our descriptive metaphysical question, I propose to defend and 
elaborate on this “older interpretation” (thankfully, Einstein has left such work to 
the philosopher!). In particular, I will argue that (a) Euclidean proof is not a purely 
formal system of deductive logic, but one in which our grasp of “what a straight line 
is, and what a point is” plays a central role; and (b) our grasp of those notions is a 
priori, rather than being derived from experience. 
 
1. EUCLIDEAN PROOF AS AN “AXIOMATIC SYSTEM” 
 
For over two millennia, Euclid’s Elements was taken to be a paradigm of a priori 
reasoning. With the discovery that there are consistent non-Euclidean geometries, 
and the eventual realization that our own universe is not a perfectly Euclidean space, 
the a priori status of our geometrical knowledge was called into question. There was a 
sense that Euclidean proof was not properly rigorous, and that rigor could only be 
achieved by separating out the properly a priori aspects of the practice—which, 
according to this new way of thinking, had to be purely formalistic—from the 
deliverances of perceptual experience. Einstein (1922, pp. 16-17) approvingly 
describes this “more modern” understanding of geometry—which he calls “axiomat-
ics”—as follows: 
 

Geometry treats of entities which are denoted by the words “straight 
line,” “point,” etc. These entities do not take for granted any 
knowledge or intuition whatever, but they presuppose only the validi-
ty of the axioms… which are to be taken in a purely formal sense, i.e. 
as void of all content of intuition or experience…. All other proposi-
tions of geometry are logical inferences from the axioms (which are 
to be taken in the nominalistic sense only)…. In axiomatic geometry 
the words “point,” “straight line,” etc., stand only for empty concep-
tual schemata. That which gives them substance is not relevant to 
mathematics. 

 
Such an “axiomatic” system of Euclidean geometry was first explicitly formulated by 
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Hilbert in his Foundations of Geometry (1899).1 Hilbert’s work was a hugely important 
step in the development of modern geometry, and, as Einstein himself says, it was 
crucial in the development of relativistic physics.2 But, as I will explain below, such 
an axiomatic system was not, in any obvious sense, Euclid’s own: the proofs in 
Euclid’s text do not appear to meet the standards of axiomatic proof; and the formal 
tools used by Hilbert in spelling out such a system were developed over two thou-
sand years after Euclid’s time. 

As Einstein emphasizes, in order for a proof to be valid in an axiomatic system, 
each step must be derivable from the preceding steps via rules of logical inference 
that take account only of the form of the propositions in the earlier steps. But, 
famously, many of Euclid’s proofs, including the very first proof in the Elements, fail 
to satisfy this constraint. Elements I.1, in which Euclid proves that it is possible “to 
construct an equilateral triangle on a given finite straight-line,” AB, begins thus: 
 

Describe the circle BCD with center A and radius AB. Again describe 
the circle ACE with center B and radius BA. Join the straight 
lines CA and CB from the point C at which the circles cut one another to the 
points A and B.3 

 

 
 
Euclid goes on to show that the segments AB, AC, and BC are of equal length, 
thereby proving that the triangle ABC is equilateral. 

Crucially, Euclid’s proof requires that line segments be constructed connecting 
A and B to the point C, where the two circles intersect; this, in turn, requires that 
there be such a point of intersection. But the existence of C cannot be formally 
derived from the preceding claims (the axioms4 and earlier steps of the proof). 

																																																								
1 Tarski (1959) later showed that such a system could be built on a more modest set of 
axioms. 
2 Einstein (1922, p. 17) writes, “I attach special importance to the view of geometry which I 
have just set forth, because without it I should have been unable to formulate the theory of 
relativity.” 
3 Emphasis mine. Translation and diagram from: Joyce, David E. Euclid’s Elements. Available 
at: http://aleph0.clarku.edu/~djoyce/java/elements/bookI/propI1.html 
4 The term “axioms” is used for the foundational propositions in Einstein’s description of 
“axiomatics”; Euclid himself lists a set of “definitions,” “common notions,” and “postu-
lates,” rather than “axioms.” While these notions differ in various ways, those differences 
will not be important for my purposes here; for ease of exposition, I will use the term 
“axioms” in describing Euclid’s text to refer collectively to the definitions, common notions, 
and postulates. 
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A standard way of illustrating this is to show that there are interpretations of the 
non-logical terms Euclid uses on which the axioms hold, but the claim that there is a 
point of intersection does not. As Michael Friedman (1992) has noted, given the 
minimal amount of logical structure in Euclid’s formulation of the axioms, such 
interpretations can involve quite trivial models: even a system with just two points, 
given the appropriate interpretation, can be counted as satisfying the axioms; and, 
clearly, no third point C exists in any two-point model. 

Here, I will be focusing on a somewhat richer model of Euclid’s axioms, which 
will be especially useful for my purposes. It is a model in the so-called “rational 
plane,” the geometrical space that is the result of taking a standard Cartesian coordi-
nate plane, and then removing all points with irrational coordinates.5 Suppose we 
perform the construction of Elements I.1 in this model, and let the points A and B 
have coordinates (-1, 0) and (1, 0), respectively. Then the point C at which the circles 
intersect would have coordinates (0, √3). But, since we are working in the rational 
plane, no such point exists: it is one of the irrational points we removed when we 
shifted from the real plane, R2, to the rational plane, Q2. Thus, in this model, the 
circles will fail to have a point of intersection. We have now found an interpretation 
on which the axioms hold, but the conclusion—that there is a point of intersec-
tion—does not. And this demonstrates that the proof in Elements I.1, which depends 
on the existence of such a point, cannot be valid. 

The issue here turns on distinguishing between two models of Euclid’s system: 
one is a model in R2, which is a continuous structure; the second is the model in Q2, in 
which the plane is merely dense, but not genuinely continuous. The “intended” 
model, surely, is the former;6 and the point of intersection, C, does indeed exist in 
that model. But there seems to be nothing to rule out the Q2 model as an interpreta-
tion of the axioms. 

In order to salvage the proof, then, we would need to find a way of ruling out 
the non-continuous Q2 model (henceforth, the “defective model”).7 And, as it turns 

																																																								
5 My discussion here closely follows that in Friedman (1992, Chapter 1). 
6 A caveat: the “intended model” of Euclidean geometry is not, strictly speaking, any kind of 
coordinate system at all. As Tim Maudlin (2014, p. 8-9) emphasizes, despite the contemporary 
practice of conflating truly geometrical objects, like the Euclidean plane, and algebraic or 
arithmetical objects, like a Cartesian coordinate system, there are important differences 
between the two. I am extremely sympathetic to Maudlin’s point; but, for ease of exposition, 
I will here (reluctantly!) follow the contemporary trend of ignoring the distinction between 
coordinate systems—which provide useful arithmetic representations of geometrical objects—
and the geometrical objects themselves. 
7 Strictly speaking, Euclid’s proofs do not require a fully continuous plane. As Friedman 
(1992, p. 61), following Tarski (1959), notes, if the constructions are carried out in a coordi-
nate system based on the so-called “Euclidean extension” of the rationals—the set obtained 
by closing the rationals under the real square root operation, which Friedman labels Q*—all 
of the proofs in the Elements can be shown to be valid. Lines and curves in Q*2, like those in 
Q2, are merely dense, rather than genuinely continuous; but Q*2 does contain some points 
not contained in Q2 (in particular, Q*2 contains our point of intersection C, with coordinates 
(0, √3)). In what follows, I will largely suppress this complication, focusing on the distinction 
between the defective Q2 model and the fully continuous R2 model. I offer two justifications 
for this. First, it seems extremely plausible to me that Euclid’s proofs were conceived of as 
involving fully continuous lines and curves, rather than the dense lines and curves of Q*2 
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out, Euclid’s second postulate does say that a line can be produced “continuously”; 
so we might think that the resources to rule out the non-continuous model are to be 
found in that axiom. 

But we are evaluating the proposal that Euclid’s geometry is an axiomatic sys-
tem, of the kind described by Einstein. If it were, each step would need to be 
derivable from the logical form of the earlier propositions. And the term “continu-
ous” appears without further logical analysis in Euclid. It is simply a one-place 
predicate, to which we can, in evaluating validity within the axiomatic framework, 
assign any interpretation we like – including, for example, what we would now call 
“denseness.” So the second postulate doesn’t supply the formal structure that would 
allow us to rule out the defective, merely dense model.8 

At this stage, it might be suggested that the needed formal structure, though not 
explicitly spelled out by Euclid, was nonetheless implicitly intended. Now, I myself 
think that something along these lines is correct: Euclid intended to build into his 
axioms more content than is contained in the formal structure of the words in which 
he states them, and the tools to rule out the defective model are to be found in this 
additional content. But, crucially, I see no way to defend the idea that Euclid intend-
ed his axioms to include additional formal structure of the kind needed to fill the gap 
– the kind utilized by Hilbert. As has been detailed at length by Friedman (1992), the 
relevant formal definition of continuity requires heavy use of the quantifier depend-
ence characteristic of modern polyadic logic, as first spelled out by Frege, over two 
thousand years after Euclid’s time. It is thus extremely implausible that Euclid’s 
system relied (even implicitly) on such formal tools. 

So, if we interpret Euclid’s Elements as an axiomatic system, we must conclude 
that the proof of I.1 is invalid. Since this is the very first proof in Euclid’s system, 
and since the proofs build upon each other, any defect in I.1 will carry over to the 
bulk of the results. Thus, if we regard Euclidean proof as an axiomatic system, in 
Einstein’s sense, we will have to regard it as a failed one: virtually no results are 
validly proven in it. 

But this would be a puzzling conclusion. For Euclidean proof was massively 
successful: In the words of Kenneth Manders (1995, p. 80), it was “a stable and 
fruitful tool of investigation across diverse cultural contexts for over two thousand 
years.” Euclid’s text itself is “virtually without error… every result has a counterpart 
in modern mathematics” (Manders 2008, p. 67). We need some account of this 
undeniable success, and the proposal that it was (in the words of Giaquinto (2011)) 
“just immense good luck”—that Euclid’s failed axiomatic system somehow happened 
to produce only correct theorems—is not a plausible contender. 

We are left with this: Euclid’s system cannot be seen as a successful axiomatic 
system; and yet, it was a successful system. The obvious conclusion to draw is that it 
is not an axiomatic system at all: the form of the axioms does not exhaust their content. 

In a way, this should have been obvious from the start. For we are doing de-
scriptive metaphysics, asking about the nature of Euclidean proof – an actual human 

																																																																																																																																																							
(support for this claim will be given in §6). Second, the arguments I make below rely only on 
the fact that Euclidean geometry requires a field richer than Q2 (this will become clear in §5); 
and so the discussion could be reformulated (though with an extreme loss of expositional 
clarity) with Q*2 substituted for R2. 
8 This point is emphasized by Friedman (1992, p. 60). 
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practice in which most of us, during our high school education, have taken part. And 
the kind of purely formalistic reasoning described by Einstein is simply alien to that 
practice. Consider Hilbert’s (1899) description of what it means to regard the axioms 
of his geometrical system in the way Einstein recommends: 
 

[T]he basic elements can be thought of in any way one likes. If in 
speaking of my points I think of some system of things, e.g. the sys-
tem: love, law, chimney-sweep… and then assume all my axioms as 
relations between these things, then my propositions, e.g. Pythagoras' 
theorem, are also valid for these things. 
 

Whatever the merits of this way of thinking, it is clearly not the type of thinking we 
engage in when we actually do basic Euclidean geometry. No high school student, in 
working through the proof of the Pythagorean theorem, takes herself to be reasoning 
as much about chimney sweeps as about straight lines and triangles. The subject’s 
own sense of what she is doing needn’t be taken as absolutely authoritative. But 
proving the Pythagorean theorem is something that the student does; and it strains 
credulity to suggest that, despite her firm introspective judgments to the contrary, 
she has all along been reasoning about formal features of uninterpreted signs, which 
are as readily applicable to chimney sweeps as to the triangles she calls to mind when 
performing the proof. 

So it seems we must acknowledge that the practice of Euclidean proof—the 
practice both of Euclid himself and of the contemporary high school student—is not 
the kind of formalistic practice developed by Hilbert and praised by Einstein. The 
contents of the concepts employed in the axioms—concepts like “circle” and “line”—
play a crucial role in the inferences Euclid draws. 

What we need now is an analysis of the nature of those concepts. In particular, I 
want to explore the question Einstein left to the philosopher: Does the content of 
the concept “circle”—the content that makes the proof in Elements I.1 successful, in 
spite of the gap left by the formal elements in Euclid’s text—spring from experience, 
or from some non-experiential “ability of the human mind”? Below, I argue—perhaps 
surprisingly—for the latter: the relevant concepts are not derived from experience. 
 
2. STRAWSON’S “PICTURABLE MEANINGS” 
 
In response to worries about the inadequacy of the formal elements of Euclid’s 
axioms to ground Euclidean proof, many theorists have been drawn to the idea that 
the “extra material” needed to plug the gaps is something we derive from our 
sensory experience. P. F. Strawson, in his explication of Kant’s theory of geometry, 
suggests that Euclid’s axioms can be interpreted as concerning something he calls 
“phenomenal geometry”: the geometry of our visual experience and imagination. 
According to Strawson, in performing Euclidean proof, we make use of “picturable 
meanings” to draw conclusions about this phenomenal geometry. 

Strawson’s proposal here is notoriously hard to pin down (see Hopkins 1973). 
But we can perhaps get a better grip on it by looking at what he has to say about the 
gap in Elements I.1, and how our “picturable meanings” help fill it. According to 
Strawson, the key is that 
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we cannot picture to ourselves any figure which we should be pre-
pared to count as adequate to the sense of [the steps of the construc-
tion in I.1 that precede the assumption that the circles intersect] for 
which this assumption does not hold. The picture of the sense of the 
description rules out any alternative to this assumption. (1966, p. 284) 

 
So it seems that the “picture of the sense of the description” is supposed to fill the 
gap we identified above in Elements I.1: this picture rules out any defective models of 
the axioms in which the circles fail to have a point of intersection. 

But this proposal simply cannot be made to work. For the gap in question—the 
need to rule out the defective Q2 model—cannot be plugged by any kind of picture. 
The problem is this: carried out in the defective model, the construction of Elements 
I.1 would result in two non-continuous but everywhere dense curves. These curves 
would fail to intersect, because the breadthless point at which they “would” intersect 
is not included in the space of the construction. But there are infinitely many points 
stretching arbitrarily close to the “missing” point of intersection on each curve. So, if 
we ask what a picture of this defective model would look like, there can be only one 
answer: it would look exactly the same as the picture of the construction carried out 
in the intended R2 model. Thus, contrary to Strawson’s claim, there is a picture 
adequate to the sense of the construction in I.1, in which the assumption of intersec-
tion does not hold: namely, the picture of the defective Q2 model, which, as a picture, 
is identical to the picture of the construction in the intended R2 model. 

This point in some respects mirrors Descartes’s argument about the inadequacy 
of imagistic reasoning to capture our concepts of certain polygons. According to 
Descartes, we have (through the “pure understanding”) a “clear and distinct” idea of 
a chiliagon (a 1,000-sided figure) even though our imagination can generate only a 
“confused representation” of such a figure. In particular, Descartes (1641/1996, p. 
50) notes that his imagistic representation of a chiliagon “differs in no way from the 
representation [he] would form if [he] were thinking of a myriagon [a 10,000-sided 
figure].” 

But despite the clear similarities, the point I am making about the role of our 
concept of continuity in Euclidean proof, and the inadequacy of Strawson’s pictura-
ble meanings to explain its origin, is in a crucial sense more robust than Descartes’s 
argument about our concept of a chiliagon. For the claim that our imaginative 
capacities cannot explain the origin of our chiliagon-concept might be thought to 
stem from an overly narrow conception of how we derive concepts from experience. 
It is true that we cannot imagine a chiliagon in a way that distinguishes it from a 
myriagon by forming a simple static image of a geometrical figure. But we can 
imagine a certain course of visual experiences through which we could identify a figure 
as, specifically, a myriagon. Imagine visually scanning along the border of a polygon 
(perhaps with the aid of a magnifying device), marking off sides as you come to 
them, and making a tally mark in a notebook for each side. When you return to the 
starting point (i.e., when you first see a side that you have already marked), you can 
count the number of tally marks and thereby know how many sides the polygon has. 
This would allow you to distinguish between a chiliagon and a myriagon, by utilizing 
a (real or imagined) sequence of visual experiences. By taking into account the 
possibility of such sequences, we can explain how a concept of a chiliagon could, in a 
sense, be derived from experience. 
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When we turn to the question of how we might derive the concept of continuity 
from experience, however, this kind of explanation fails. For, in the case of our 
concept of continuity, it is not only static experience that fails to get us onto the 
relevant concept. No imagined sequence of experiences, even if we allow a high 
degree of idealization of our imaginative capacities, could distinguish a continuous 
curve from a dense one. 

To see this, imagine “zooming in” on the part of the Q2 diagram of Elements I.1 
at which the curves “would” intersect. No matter how “far down” you zoom, there 
will always be infinitely many points on each curve arbitrarily close to the gap, which 
is itself a breadthless point. Thus, even if such a process were to continue over an 
indefinitely long sequence of experiences, and even if no limit were set on the 
magnifying power of the “zooming-in” process, the gap in the dense curves is never 
going to be visible. Such a gap, then, can surely make no difference to the picture of the 
construction in Elements I.1, or to any “picturable meaning.”  

Now, it should be noted that Strawson does not take his “picturable meanings” 
to provide an exhaustive account of Euclidean geometry. He acknowledges that 
some degree of what he calls “conceptual idealization” will also be needed in spelling 
out how “phenomenal geometry” fits into the practice of Euclidean proof as a whole 
(1966, p. 287). But my point is simply that the gap in Elements I.1 can’t be filled by 
pictures, or by Strawson’s “picturable meanings”; if an account like Strawson’s is to 
explain how that gap is filled, whatever is involved in the non-imagistic “conceptual 
idealization” will have to do the real work. 
 
3. DIAGRAMMATIC REASONING 
 
More recently, work in the “philosophy of mathematical practice” has emphasized 
the role of a different class of visual items—the diagrams included in Euclid’s text—
in offering an explanation of how the gap in Elements I.1 can be filled. Manders (1995 
and 2008) suggests that an analysis of the role of “diagrammatic reasoning” in Euclid 
reveals that we are indeed licensed “to attribute the intersection points the diagrams 
show” – that is, to derive the existence of the intersection point C from the diagram 
that accompanies Euclid’s text in I.1 (2008, p. 66). 

In defending this claim, Manders (2008, pp. 69-70) begins by distinguishing 
what he calls “exact” features of Euclidean diagrams—such as two lines being of 
equal length—from “co-exact” features—such as one figure being a subpart of 
another. Manders’ suggestion is that claims about co-exact features may be legitimate-
ly inferred from diagrams. Such inferences are legitimate, according to Manders, 
because the features in question are “insensitive to the effects of a range of variation 
in diagrams.” By contrast, claims about exact features, such as the equality of the 
lengths of two line segments “would fail immediately upon almost any diagram 
variation,” and so cannot be legitimately inferred from diagrams. 

In the specific case of Elements I.1, Manders claims that the existence of the in-
tersection point of the circles is a co-exact feature, since “[a]s we distort the ‘circles’ 
in I.1, their intersection point C may shift but it does not disappear” (2008, p. 69). 

But, as can be seen from the preceding discussion, there is a certain kind of 
“distortion” of the construction in I.1—the shift from the construction in the real 
plane to the construction in the rational plane—that would undermine the inference 
to the conclusion that the circles intersect, even though it involves no radical change 
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to the diagram’s appearance. Indeed, such a “distortion” involves no change whatsoev-
er in the diagram’s appearance. As explained above, the pictures of the two construc-
tions—in the intended model and in the defective one—would be visually identical. 
The point of intersection thus seems to fit better with Manders’s description of exact 
features: its existence is sensitive to the most minor of variations in the diagram. 

Now, to be fair, Manders does not take the point of intersection to be stable 
under every possible type of distortion. He writes, “As long as the ‘circles’ in I.1 are 
continuous closed curves, no amount of distortion can eliminate intersection points” 
(2008, p. 71; emphasis mine). So the kind of “distortion” I just mentioned—shifting 
from a construction in the real plane to one in the rational plane—is one that 
Manders means to rule out. 

But this simply presupposes what is in question, when we are asking whether 
there is a gap in Elements I.1, and how it might be filled: the question is what licenses 
us to assume that the circles are continuous closed curves in the first place, so that we 
may legitimately infer that they do intersect. And, despite his emphasis on the role of 
diagrams in Euclidean proof, Manders’s real answer to our question is that the 
needed content is conveyed by the text that accompanies Euclid’s “diagram entries.” 
Manders writes, “Whenever a diagram entry is made, the text records the exact 
character (straight, circular) of the element entered. There is thus no need to later 
judge this from the diagram.” In Elements I.1, the “diagram entries” include two 
“circles.” According to Manders, the accompanying text, in using the term “circle,” is 
specifying that these are to be regarded as “(at a minimum) continuous non-self-
intersecting curves” (2008, p. 71). So the continuity of the curves is not, in the end, 
visually derived from the diagram; it is built into the diagram, conceptually, in virtue of 
the content conveyed by the term “circle” in the accompanying text. 

Thus, it turns out that even on Manders’s picture (which is meant to emphasize 
the role of diagrams in Euclidean proof), the content needed to fill the gap in 
Elements I.1 comes not from anything visual in the proof, but from something 
conceptual that we bring to the practice: our understanding that a Euclidean con-
struction of a circle is to be counted as resulting in a continuous curve. The question 
of whether the relevant understanding “springs from experience,” then, is not 
answered by pointing to the role that our visual experience of the diagram plays; it 
turns on the nature of our concept of a circle—the concept used in constructing and 
interpreting the diagram—and whether it is derived from experience. 
 
4. GEOMETRICAL CONCEPTS AND PERCEPTUAL APPEARANCES 
 
In recent work, Marcus Giaquinto (2007, 2011) has offered a subtle and complex 
answer to this question about the nature of our geometrical concepts. Giaquinto 
begins by distinguishing what he calls our “geometrical concept” of circularity from 
our “perceptual concept.” Our geometrical concept is the one at work in Euclidean 
proof. It applies to objects possessing the properties needed to ground the proofs: 
“perfect” circles with null breadth and genuine continuity. Since perceptual circular 
objects, such as coins and buttons, lack these “perfect” features, Giaquinto suggests 
that the subject matter of Euclidean geometry is a set of abstract geometrical figures. 
This explains how the practice can be successful, even though it ascribes to its 
“circles” and “lines” features that no object we encounter in perception actually 
instantiates. Furthermore, since it is the geometrical concept at play in Euclid, the 
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defective model of Elements I.1 is ruled out by the content of that concept. In 
particular, the defective model is ruled out by the fact that our geometrical concept is 
a concept of a perfect circle – a figure that instantiates, in Giaquinto’s words, 
“closedness, that is, having no gap” (2011, pp. 283-296). 

But where, we might wonder, does this geometrical concept of a circle come 
from? Giaquinto’s answer is that our geometrical concept is, in a somewhat complex 
way, derived from experience, and from the developmentally prior perceptual concept. 
Here is how Giaquinto thinks this process works: In perceiving or imagining circular 
objects or figures, we form a perceptual concept of circularity. This concept applies 
to many objects that are not exactly circular, according to the strict mathematical 
definition. But we have a natural tendency to rank those objects as “better” or 
“worse” circles. Those that have visible gaps, or are visibly asymmetrical, are ranked 
worse than those that are less gappy or asymmetrical. At the limit of our acuity, if a 
circle contains no visible gaps or asymmetries, we judge that it “looks perfect.” We 
then form the concept of a perfect circle as a figure that is as a perfect-looking circle 
looks; it is a figure that “has the spatial properties that any perceptual circle must 
appear to have in order to look perfect” (2011, p. 291). This is our geometrical 
concept of a circle. 

Giaquinto is careful to flag the ways in which the concept we employ in Euclid-
ean proof includes features—such as continuity—that are not possessed by the 
objects we perceive. But, I want to suggest, Giaquinto’s story about how we come to 
have our geometrical concepts, like Strawson’s earlier account of “picturable mean-
ings,” still puts too much weight on the role of visual experience. 

Again, on Giaquinto’s picture, the features included in our geometrical concept 
are those that a “perceptual circle must appear to have in order to look perfect.” But, 
I claim, a concept of this sort—one derived from features that perceived circles 
“appear to have”—could never distinguish between a continuous curve and a merely 
dense one. 

To see why, consider what it would be for a figure to appear to have the proper-
ty of mere-denseness. A circle that is merely dense, as noted above in the discussion 
of Strawson, would have no visible gaps. So lacking any visible gaps seems to be the 
way a circle would appear, if it appeared to have the property of mere-denseness. 
And that is precisely how, on Giaquinto’s own account, a perfect-looking circle 
looks: it has no visible gaps. Thus, a perfect-looking circle is one that appears to be 
merely dense. But then, according to Giaquinto’s definition, a circle that is perfect 
would be one that is merely dense. So our geometrical concept of a circle—our 
concept of a perfect circle, as defined in this perceptual way—would be a concept of 
a merely dense curve. But then that concept couldn’t possibly rule out the defective 
model after all. 

Now, Giaquinto might protest that a circle can’t look to be merely dense: to have 
gaps, but only ones that are invisible. In a sense, this is surely right: since the gaps in 
question are invisible, they won’t affect the way the circle looks. But it seems equally 
true, then, that a circle can’t look to be genuinely continuous, rather than merely dense: 
the absence of such invisible gaps, which is what distinguishes the continuous curve 
from the merely dense one, also won’t affect the way the curve looks. There is 
nothing in the way a circle looks—even when it “looks perfect”—that privileges the 
property of continuity over mere denseness. And so a concept of a circle that is the 
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way a perfect circle looks cannot do the work of ruling out the merely dense defective 
model of Elements I.1. 
 
5. VISUAL LIMITS 
 
Giaquinto’s story about how we come to have the “perfect” geometrical concepts at 
work in Euclidean proof relies on the following idea: we begin with a visual concept 
of a circle; we note that there is a certain ordering in our visual experiences, in that 
some circles strike us as “better” than others; and we then consider what the limit of 
this “better than” ordering would be. Giaquinto assumes that the limit in question—
which, on his account, defines our concept of a perfect circle—will be a continuous 
curve. But, as argued above, Giaquinto’s account fails to explain how our concept, 
understood in this way, could pick out continuous curves, rather than merely dense 
ones. In this section, I want to investigate further whether a kind of “limit proce-
dure” could explain how we derive our concept of a continuous curve from experi-
ence. I will argue for a negative answer: within the domain of experience, the limit of 
our concepts of curves—the ideal to which “perceptual curves” can be conceived of 
as approaching—is denseness, not full continuity. So no appeal to “limit concepts” can 
vindicate the claim that our geometrical concepts, which include the concept of 
circles as genuinely continuous curves, are derived from experience.9 

The kind of proposal I have in mind is discussed by Crispin Wright, who sug-
gests (without endorsing the suggestion) that we might be able to form “perfect” 
geometrical concepts on the basis of experience, through a certain kind of “idealiza-
tion.” He writes: “The kind of idealization involved in the notion of perfect circulari-
ty… corresponds to a movement to the limit of a scale, as it were, whose intermedi-
ate values are ordered by a comparative – ‘is more circular than’” (1986, p. 15). 

As it stands, though, this thought doesn’t help much with the question of 
whether a concept of continuity can be derived from experience; for it requires that 
we have a grip on what the comparative “is more circular than” has as its limit. If 
“circular” in “is more circular than” expresses Giaquinto’s geometrical concept of a 
circle—a concept of a continuous curve—then the limit of “is more circular than” is, 
surely, a continuous curve. But what is at issue is how we come to have the concept 
of a genuinely continuous curve in the first place, and whether such a concept can be 
derived from experience. So, in trying to explain how we could get the concept of 
continuity from experience, via a limit procedure, it seems we must interpret “circular” 
(in “is more circular than”) as picking out a perceptual concept – Giaquinto’s percep-
tual concept of a circle. But now the trouble is that we have been given no reason to 
suppose that the relevant limit—the limit to which “is more perceptually circular than” 
approaches—will be a continuous curve. 

This might suggest that the idea of a limit procedure can do no work here. But I 
think we can extract from my earlier discussion of Strawson a way of defining the 

																																																								
9  Note that this does not mean that continuous curves are excluded from the category 
determined by our perceptual limit-concept. Continuous curves are dense; so they, along 
with merely dense curves, would fall into the category determined by the limit-concept of a 
dense curve. The point is just that this limit-concept does not specifically pick out, from 
within this category, the genuinely continuous curves, as opposed to the merely dense ones 
(or vice versa). 
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limit to which experientially-derived concepts (like “is more perceptually circular 
than”) approach, which does not merely leave us where we started. 

The proposal is this: First, we abstract from the contingent imperfections of our 
own visual capacities and circumstances – the poor acuity, the finite time we have to 
visually investigate, the minimal tools we have for magnification. We suppose these 
limiting factors to be steadily removed, bringing us ever closer to a kind of experien-
tial ideal. Then we ask: Given such an idealization of visual capacities and circum-
stances—granting unlimited time for investigation, endless magnification, etc.—what 
kinds of properties could make a difference to visual experience? What would visual 
experience or imagination, thus idealized, allow a subject to pick up on? 

The idea is that we can think about the limit to which a perceptually-derivable 
concept approaches, in a way that takes us beyond the concepts we can read off 
directly from our own experience, by thinking about what the “limit” of experience 
itself would be. Note that this proposal is quite expansive in what it counts as 
derivable from experience, via such a limit procedure. It does not restrict the domain 
of visually-derivable concepts to features that are actually observable in our experi-
ence,10 nor even to the domain of features we humans could observe, with more 
powerful tools or more favorable circumstances. The minimal requirement it impos-
es is that, if we are to count a concept as derivable from visual experience—as the 
limit towards which a visual concept (like “perceptual circle”) approaches—we must 
be able to conceive of how the feature picked out by the concept could show up in 
something recognizable as visual experience. 

Using this procedure, we can first consider what such idealized experience of a 
curve that is non-dense, but which has only extremely small gaps (of, say, less than a 
nanometer), would be like. Our actual visual experience will not pick up on any gaps 
in such a curve. But, since the curve is non-dense, there will be two points along its 
length between which there is no third point. So, using our idealized visual imagina-
tion, we can “zoom in” on the region that contains those two points and the empty 
interval between them; and we will thereby observe that the curve does not satisfy 
the definition of denseness. That is, our idealized imaginative procedure gives us an 
experience-based grasp of the distinction between dense curves—those along which, 
between any two points, there is a third—and non-dense curves. So denseness is a 
concept we could derive from experience, via our limit procedure. 

Next, we can consider whether this idealized imaginative procedure can get us 
onto the further distinction, within the category of dense curves, between those that 
are merely dense and those that are genuinely continuous. Consider, first, what the 
idealized experience of a genuinely continuous curve would be like. Since such a 
curve has no gaps at all, zooming in on any part of it will of course never reveal any 
gaps. 

The question now becomes whether idealized imaginative investigation of a 
merely dense curve would be any different from this, such that we could derive from 
our procedure a way of conceiving of genuinely continuous curves as distinct from 
merely dense ones. 

Unlike genuinely continuous curves, merely dense curves do have gaps. But, I 
want to suggest, even fully idealized visual experience could not pick up on these 
																																																								
10 A condition of this narrower sort is suggested as determining what counts as imaginable in 
the discussions of Strawson (1966, p. 282) and Hopkins (1973, pp. 22-23). 
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gaps. Remember that between any two points on a merely dense curve there are 
infinitely many further points, reaching arbitrarily close to those points. This makes 
the gaps along the curve—which, again, do exist—inaccessible to vision, even in its 
fully idealized form. As you zoom in on a merely dense curve, you will simply 
continue to see more and more points. 

Because this point is so central, I want to linger a bit on why a gap in a merely 
dense curve is not the kind of thing that is accessible via idealized visual imagination. 
Consider the way I described the idealized procedure in the case of the non-dense 
curve. There, the idea was that we could find two points between which there is no 
third point, and, through “zooming in,” observe the gap separating them. This 
process requires picking out some point, and then observing both that point and the 
next point along the curve. It is the gap between one point and the next that is visually 
accessible, via the idealized procedure. 

But the gaps in a merely dense curve do not lie between some given point and 
the next point along the curve. In the case of dense curves, for any given point, p, 
there is no such thing as the “next” point. We can identify a point p along the curve, 
and we can note of other points that they are further along the curve than p. But 
there is no way to define a point p' that is the next point past p: because the curve is 
dense, for any candidate “next” point p', there will be another point p'' that is 
between p and p'. In order to visually discern a gap in a curve, a subject needs to be 
able to perceive (or imagine) that gap as falling between two given points. The gaps 
in a merely dense curve are not like this: they do not fall “between” any two points in 
particular. And so they are simply not the kind of phenomenon we can get a grip on 
through experience, however idealized. 

What this suggests is that the dense/non-dense distinction marks off a kind of 
visual limit: it defines, granting full idealization, the boundary between the kinds of 
curves we could visually experience or imagine as gappy (curves that have gaps 
falling between two specific points) and those we could not (either because the 
curves are genuinely continuous, and so simply lack any gaps; or because they are 
merely dense, and so have, between any two points, infinitely many further points, 
making the gaps that do exist inaccessible to experience). The further distinction, 
within the category of denseness, between mere denseness and genuine continuity lies 
beyond this idealized experiential limit. And so we cannot derive a concept of 
continuity as a visual limit-concept. 

At this stage, it will be instructive to consider Delia Graff’s discussion of so-
called “phenomenal continua.” Graff (2001, p. 923) writes: 

 
[I]magine we could have the following two experiences: the first, of a 
cursor on a computer screen looking to move discontinuously from 
one pixel to the next (imagine also that the pixels are incredibly 
small), but in an even way; the second of a cursor looking to move 
continuously from one pixel to the next. 
 

Graff notes that we could not tell the difference between these two experiences. But 
she suggests that we could imagine them as distinct experiences – one where the 
cursor’s motion looks genuinely continuous, one where it does not. So Graff might 
seem to be calling into question my claim that the distinction between continuity and 
its absence is not something we can get onto via (idealized) imagination. 
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I do not want to dispute Graff’s claim that we can (through idealization) imagine 
her two scenarios as distinct. But note that the two cases Graff describes do not just 
fall on different sides of the continuous/non-continuous boundary; they also fall on 
different sides of the dense/non-dense boundary. The pixels of a computer screen 
do not form a dense ordering; for each pixel, there is a determinate next pixel. Thus, 
our ability to imagine the motion of the cursor moving discontinuously from pixel to 
pixel—as distinct from the case of genuinely continuous motion—only shows that, as I 
suggested above, we can (in idealized imagination) distinguish denseness from non-
denseness. In Graff’s discontinuous and non-dense case, we can imagine picking out 
two pixels that lie next to each other along a non-dense line of the computer screen, 
and then zooming in to observe the cursor’s “jump” between them; and this con-
trasts with the way we imagine a cursor moving along a dense line—whether contin-
uous or not—where, for any point the cursor touches, there simply is no “next” 
point for it to “jump” to. 

Indeed, as is almost explicit in her discussion, Graff actually seems to be con-
cerned with the dense/non-dense distinction, rather than a distinction, within the 
category of denseness, between continuity and its absence. Strikingly, Graff’s statement 
of what is needed for a process to count as “continuous” is essentially just a defini-
tion of denseness. In describing a case of an object, o, that changes position over time, 
Graff writes that, for the change to count as continuous, the following two condi-
tions (which Graff takes to be equivalent) must hold: 

 
1. If o changes its position over an interval, then it must change its 
position by some lesser amount over some proper part of that inter-
val. 
2. Between every two positions o occupies, there is a third position it 
occupies. (2001, p. 931) 

 
Crucially, this requirement is satisfied by a scenario in which a point, o, moves along 
a merely dense line, like the rational number line. Consider o’s motion over an 
interval I that begins at a point B on the line and ends at a point E. In any sub-
interval S of I, o will move a (rational) distance that is less than the length of BE. For, 
no matter what rational numbers B and E might be, there will always be another 
rational number, E’, between B and E for o to have moved to during S. Thus, 
meeting Graff’s stated condition does not suffice for a process to be genuinely 
continuous: certain “gappy” processes—like the motion of a point along the merely 
dense rational number line—meet Graff’s condition.11 

That Graff would articulate a distinction between denseness and non-denseness 
in her discussion of phenomenal continua—rather than offering a distinction between 
genuine continuity and its absence—is, I want to suggest, quite understandable. For 
Graff is concerned with features of experience - with phenomenal continua. And, as I 
argued above, it is precisely the distinction between non-dense and dense curves (a 
category that includes both merely dense and genuinely-continuous curves), rather 

																																																								
11 What Graff says about continuity is, strictly speaking, correct: she presents her condition 
only as necessary for continuity; and, since continuity entails denseness, meeting the conditions 
Graff lays out—which define denseness—is indeed necessary for continuity. 
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than the distinction between denseness and continuity, that offers a plausible demar-
cation of the limit of visual (or more broadly experiential) concepts. 

But it is a distinction within the category of denseness—between mere denseness 
and genuine continuity—that is needed to ground the proof in Elements I.1. And so 
even the “limit-concepts” we can derive from experience fall short of the concepts 
we utilize in performing Euclidean proof.12 Thus, the concept of continuity, which 
plays a central role in Elements I.1, must be a priori. 

 
6. CONCLUSION 

 
That denseness, and not continuity, determines the upper bound of the visual might 
help explain a curious historical fact. As Friedman (1992, p. 60) notes, when mathe-
maticians prior to Dedekind offered formal definitions of continuity, they tended to 
give what we would now consider definitions of denseness. Why did they make this 
mistake? 

We might first ask whether any mistake was actually involved in these defini-
tions of continuity. For one could suggest that the concept of continuity employed 
prior to Dedekind, lacking any specific formal articulation, was simply indeterminate 
as between (what we now call) denseness and (what we now call) continuity. So, the 
thought goes, it was open to theorists to precisify the notion using whatever (inter-
nally consistent) formal definition they pleased. 

But this seems wrong. Dedekind clearly takes himself to be offering the proper 
definition of the intuitive notion of continuity associated with geometrical lines, in 
contrast to the distinct property instantiated by the rational numbers (i.e., denseness). 
Once the two notions had been formally distinguished, the term “continuity” was 
attached specifically to one, rather than the other. And this does not seem to have 
been an accident. As Dedekind (1901, p. 5) puts it, his work was motivated by a 
 

comparison of the domain [Q] of rational numbers with a straight 
line, [which] led to the recognition of the existence of gaps, of a cer-
tain incompleteness or discontinuity of the former, while we ascribe 
to the straight line completeness, absence of gaps, or continuity. 

 
Earlier mathematicians, then, in failing to give a definition that distinguished the 
continuity of a line from the mere denseness of the rational numbers, were indeed 

																																																								
12 Here we can see why it is immaterial to my argument that there is a less-than-continuous 
space, Q*2, that suffices for Euclidean geometry (see fn. 6 above). For consider a (merely 
dense) curve in Q*2. Such a curve will, just like a continuous curve in R2, be indistinguisha-
ble, via our imaginative limit procedure, from the (sparser) merely dense curves of Q2. So the 
difference between Q2 (a structure that is not sufficient to ground Euclidean geometry) and 
Q*2 (the minimal structure required to ground Euclidean geometry) lies beyond the limit of 
visually-derivable concepts: both fall on the same side of the dense/non-dense boundary, 
beyond which idealized imagination can make no further distinctions. And so the concepts 
we need for Euclidean proof—whether we take them to be concepts of the genuinely 
continuous curves of R2, or concepts of the curves of Q*2 (which, though merely dense, 
include points absent from those of Q2)—cannot be derived from experience.  
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making an error: they were failing to capture the intuitive notion of continuity.13 And 
so we might ask what could explain their error. 

Here is a (highly speculative) proposal: The error was due to over-reliance on 
visual thinking. In their search for a characterization of our intuitive idea of a 
maximally gapless line—the intuitive notion of continuity at work in Euclidean 
proof, which Dedekind initially explicates by pointing to geometrical concepts14—
mathematicians focused (implicitly) on what it would take for a line to be maximally 
visually gapless. Since, as argued above, denseness is what is required to meet this 
specifically visual condition, theorists mistakenly believed that, in coming up with a 
characterization of denseness, they had hit on a definition of the more demanding 
notion of continuity. Conversely, Dedekind’s success in articulating a proper definition 
of continuity might be attributable, in part, to his determination to capture the 
continuity of the real numbers in a way “internal” to arithmetic, without recourse to 
any visual thinking. 

The desire (stated explicitly by Dedekind) to divorce arithmetical analysis from 
its geometrical origins was driven in part by the idea that geometrical reasoning 
stemmed from experience. Since mathematics was supposed to be the domain of 
non-experiential thought, geometry’s alleged experiential source excluded it from 
mathematics proper. But, if what I have been arguing is correct, mathematicians 
need not have feared the intrusion of geometry into their mathematical reasoning. 
For our geometrical concepts—such as the concept of a continuous curve at work in 
Elements I.1—are not in fact derived from experience. 

Why, then, was geometry seen as problematically dependent on experience? 
What I want to suggest is that cases like that with which I began—the case of the 

																																																								
13 In response to the idea that there is no saying of a mathematically well-defined notion like 
denseness whether it “succeeds” as a definition of an intuitive concept like continuity, 
Maudlin (2014, pp. 2-3) writes: “[A] mathematical subject… is devised in the first place to 
capture, in a clear and precise language, certain informal concepts already in use. It is only 
because we begin with some grasp of a subject like geometrical structure that we seek strict 
definitions in the first place. Those formalized definitions can do a better or worse job of 
capturing the informal concepts whose names they inherit.” This expresses quite perfectly 
my point about the concept of continuity, and the failure of the attempts, prior to Dedekind, 
to formally define it. 
14 Dedekind simply takes for granted that the common conception of straight lines involves 
thinking of them as genuinely continuous – as more “complete” than the dense set of 
rational numbers. This supports the suggestion I made above, in fn. 6, that it is reasonable to 
suppose that Euclid conceived of his lines and curves as figures in a genuinely continuous 
plane, rather than as constructed in the merely dense Q*2. It is not Q* that captures our 
intuitive conception of the “completeness, absence of gaps, or continuity” of lines; it is the 
real numbers, R, as defined by Dedekind. And so it seems plausible that it is a notion of 
genuinely continuous lines that is at work in Euclid’s proofs. Thus, I find myself in (partial) 
disagreement with Friedman (1992, p. 60), who writes that “the intuitive notion of ‘continui-
ty’ figuring in [Euclid’s] Postulate 2 is not our notion of continuity: in particular, it is not 
explicitly distinguished from mere denseness.” Euclid certainly does not explicitly distinguish 
his notion of continuity from mere denseness; but Dedekind’s explicit definition is simply a 
way of capturing what is contained in the intuitive notion of continuity—of “completeness” 
that goes beyond mere denseness—already at work in Euclid. So I think it fair to say that, in 
an important sense, Euclid’s intuitive notion of continuity is our notion. 
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carpenter, who takes her geometrical knowledge to apply directly to the objects of 
her experience—misled theorists into assuming that our geometrical concepts must 
be derived from experience. What such cases do reveal is that there is a tight connec-
tion between our experience and our geometrical reasoning. But that connection is 
not a matter of experience serving as the source of geometrical concepts. Rather, 
such concepts, though a priori in origin, do feature in experience: they are constituents 
of the contents of our perceptual states. 

What I mean by this is the following: When we perceive an object as a right tri-
angle, we represent it as instantiating the very property about which we reason when 
we perform the proof of the Pythagorean theorem. This concept is not derived from 
such experiences – like the concept of a continuous curve needed to ground Ele-
ments I.1, the geometrical concept of a (continuous) straight line involved in the 
proof goes beyond anything our experience could supply. But our experience is one 
way for the a priori concepts we utilize in Euclidean proof to be deployed. In a 
Kantian vein, we might say: these concepts are read into our experiences, not read off 
of them. 

This mirrors the role that our concepts play in the practice of Euclidean proof. 
As emphasized above, we cannot get onto the idea that a construction of a circle 
results in a continuous curve from observing (or imagining) the process of construc-
tion. Instead, we conceive of the constructive procedure as producing a continuous 
curve. This requires utilizing our concept of continuity – it requires building into the 
practice certain rules of construction, which utilize a priori conceptual resources. 
Euclidean proof, then, is a system of geometrical construction guided by our concepts 
of continuous lines and curves – concepts that we do not derive from experience. 
Recent work on geometrical reasoning has rightly emphasized that we misunderstand 
the practice of Euclidean proof if we try to see it as a modern formal system—a 
version of Einstein’s “axiomatics”—devoid of any non-logical content. But such 
work has misidentified the source of the extra-logical content involved in the prac-
tice. The concepts at work in Euclidean proof are not visual (or imaginative, or more 
broadly experiential). They are a priori. 
 
In closing, I want to summarize what I’ve argued, and where my investigation has 
left us. I began with the parable of the carpenter, which illustrates that there are 
important connections between spatial experience and Euclidean proof. I went on to 
consider how we should understand Euclidean proof itself – what kind of cognitive 
practice is it? In answering this question, I pointed out that Euclid’s proof of I.1, 
when interpreted purely formalistically, contains a gap. I then suggested that this gap 
cannot be plugged by anything in the visual realm: the needed distinction between 
continuity and mere denseness cannot be a picturable meaning, nor supplied by a 
diagram, nor derived from the ways things look. Finally, I considered whether we 
could derive the concept of a continuous curve as the limit of a visual concept, and I 
argued that, in the realm of experience, such a limit procedure would get us only to 
denseness, not full continuity. 

From these observations, I concluded, first, that we have substantive geometrical 
concepts – ones whose content is more than merely formal; and, second, that the 
content in question is a priori – that is, the concepts involved are not derived from 
experience. The question this leaves us with is how these contentful, a priori concepts 
are connected to experience, in cases like that of the carpenter. The answer I have 
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suggested is that our a priori geometrical concepts partly constitute the contents of 
our perceptual states. In future work, my task will be to elaborate on and defend this 
proposal. 
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